Curve and Surface Generation
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Curve Generation

* Primary resources used in preparing these notes:
1. Foley, van Dam, Feiner, Hughes, Phillips, Introduction to Computer Graphics,
Addison-Wesley, 1993.
2. Angel, Interactive Computer Graphics — A top-down approach with OpenGL,
Addison-Wesley, 1998.
3. Wikipedia for several images.
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» Fundamental applications
 Curve/surface fitting

 given sample data, determining a curve or
surface that approximates that data in a
compact form

* Modeling: designing a curve or surface
« for designing and producing parts
« for realistic image generation
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2D Parametric Curves

3D Parametric Curves

* f(O)=[x(),y(V)]
* linear: x(t) = xo + t(X1-X0) = ax + bxt
y(t) = yo + t(y1-yo) = ay + byt
e quadratic: x(t) = ax+ byt + cxt?
y(t) = ay + byt + ¢yt
X(t) = ax+ byt + cxt? + dit?
y(t) = ay + byt + ¢yt + dyt?

e cubic:
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* f(O=[x(1),y(1),z(1)]
* linear: x(t) = Xo + t(x1-X0) = ax + bxt
y(t) = yo + t(y1-yo) = ay+ byt
z(t) = zo + t(z1-20) = a, + bt
e quadratic: X(t) = ax+ bxt + cxt?
y(t) = ay + byt + ¢yt
z(t) = a; + bt + ¢t
X(t) = ax + bt + cxt? + dit?
y(t) = ay + byt + cyt? + dyt3
y(t) = a; + byt + ¢, t? + d,t?
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* cubic:




Notation

What good is a cubic polynomial?

o Cubic:  x(t) =ax + bxt + cxt? + dxt?
y(t) = ay + byt + ¢ t? + dyt?
y(t) = a; + bt + ¢c,t? + d,t3
1

t

* Let ax bx cx dx

M: ay by Cy dy T: 5
t
a; b, ¢c; d;

t3
* Then C(t) = [x(t) y(t) z(t)]T = MT
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* Consider

x(t)=0283-22+t+ 1
y(t)=-0.3t3-0.2t2- 2t + 5

3<t<3

+ Simple polynomial; simple to plot =

» But, how can we predict how to use it?

* How to determine coefficients for a particular desired curve
or surface?

* piecewise curves and surfaces
* sample points
 control points
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Hermite Interpolation

Hermite Interpolation-2

» Each segment defined by 2 points and 2 tangents

* There are 4 blending functions Vo
(cubic polynomials), t =[0,1],
po(t), pi(t), vo(t), vi(t). P
 Blending functions

(0,5 (O™=Papo(t)*P1pi (0 Vovo )V vi()
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Vi

Pi

¢ Add Pz and V2 to get longer curve (for t=[1,2])

« Get C? continuity of joined segments at Py

 G! continuity (1st deriv.) at Py if V1 is parallel to V’;
* Multiple joined segments make longer curves
» Curve interpolates all the points

Vo
Vi
PN |
Po V’
C! parametric continuity: tangents equal. S

G! geometric continuity: tangents parallel.
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Bezier Curves

Bezier Matrix formulation

» Replace explicit tangents at e
interpolating points with extra control

points that define tangents at ends, but
also modify intermediate points /

 Blending functions are all >=0

bo(t) = (1-t)3
bi(t) = 3t(1-t)?

ba(t) = 3t2(1-1) \ .
\

bs(t) = t° e —

* b(t) = Pobo(t)+P1bi(t)+P2ba(t)+P3bs(t)
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» Can compactly express the blending function
operation as matrix operations

1000 :
1330 0 T=| ¢
My=13 63 1 @
13301 p
* b(t)=PMyT

X0 X1 X2 X3

Po=(x0yo z0)
Pi=(x1y1 z1)
Po=(x2y2 72)
P3=(x3y3 73)

where
P= |yo y1 y2 y3

Zo X1 722 73
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Uniform B-Splines

Uniform Cubic B-spline Curve

* B-splines are better than Bezier curves for
joining multiple short curve segments

» Each piece of a B-spline curve depends on only a
few control points, and there is better control
over continuity between the pieces

« Key difference: B-spline curve segment share
multiple control points

* Cubic B-spline has 4 control points/segment
« segment i shares 3 CP with segment i+/
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* 4 Control points define a curve segment

* 5 control points define 2 h I
http://geometrie.foretnik.net/files/NURBS- Q

 Can replicate end points
to get closed curvesor .
curves that start at first /N
and/or last CP yan

www.ibiblio.org/e-notes/Splines.html (

i

1)

tegend: 1} "
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Unif B-Spline Matrix formulation

Uniform B-Spline Blending Curves

» Can compactly express the blending function
operation as matrix operations

1
1 410
1(3030 T=| ¢
Me=¢13 6 3 0 2
13 301
t3
* b(t) = PMgT

where xo x1 x2 x3| Po=(X0yo zo)
Pi=(x1y1 71)
Pr=(x2y2 72)
P3=(x3y3 73)

P= |[yo y1 y2 y3

720 X1 Z2 Z3
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 Blending functions are all >=0

bo(t) = (1-t)3\
bi(t) = 4-6t>+3t° e

ba(t) = 1+3t+3t2-3t
bs(t) = t*

* b(t) = Pobo(t)+P1bi(t)+P2ba(t)+P3bs(t)
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Non-uniform B-Splines

Resources

« Uniform B-Splines distribute the ¢ parameter values
equally for all segments.

* Given 4 segments ¢ can range from (0,0.25) for the 1st,
(0.25,0.5) for the 2nd, etc.

* Very easy for ¢ to be (0,1) for 1st, (1,2) for 2nd, etc.
* Either way, the “join” positions are called knots.

» Knots can be defined at any ordered set of ¢ values
o http://www.ibiblio.org/e-notes/Splines/none. html
»  htip://eeometrie.foretnik.net/files/NURBS-en.swf
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« NURBS: non-uniform rational B-Splines demo
http://nurbscalculator.in

http://geometrie.foretnik.net/files/NURBS-en.swf
 Cubic Bezier spline patch

https://www.ibiblio.org/e-notes/Splines/bezier3d.html
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